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On dinh mii hau chic chan dai véi 16p phuong trinh
vi phan cé tré véi nhiéu ngau nhién

Nguyén Nhu Quan?

Tom tit:

Trong bai bdo nay ching t6i nghién cttu mot 16p cac phuong trinh vi phan phi tuyén v6i nhiéu
ngau nhién. Trudc tién, chung toi gioi thiéu diéu kién Lipschitz cyc bo va diéu kién ting truéng
phi tuyén méi. Sau d6, st dung ham Lyapunov va dinh ly héi tu nita martingale, ching toi

EPN 2 - R . ~ 1. A < < EON
nghién cu tinh 6n dinh ma hau chac chan cta nghiém.

Tt khéa: phuong trinh vi phin ngau nhién, nhieu ngau nhién, on dinh mii hau chic chian
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Almost Surely Exponential Stability of Differential Delay
Equations with Stochastic Noise

Nguyen Nhu Quan?®

Abstract:

In the present paper, we aim to study of a class of nonlinear differential equations with stochas-
tic noise. Firstly, we introduce the condition of local Lipschitz and a new non-linear growth
condition. Then by applying Lyapunov function and semi-martingale convergence theorem,
we investigate the almost surely exponential stability of solutions.
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Phan gioi thiéu
Trong bai bao nay, chung t6i xét mot 16p cac phuong trinh vi phan ngdu nhién phi
tuyén voi budc nhay Poisson:

dx(t) = f(x(t), x(t —(t)), t)dt + g(x(t), x(t — (t)), t)dw(t) (1)

+ f h(x(t), x(t — T(), t, v)N(dt, dv), t = 0.
7

Nhu da biét, cac phuong trinh vi phan ngau nhién (SDEs) da dong mot vai tro
quan trong trong nhiéu nganh khoa hoc va céng nghiép, chang han nhu sinh hoc, vat ly,
kinh t€, ky thuat va thi truong tai chinh. Tuy nhién, cac tng dung nay phu thudc rét
nhiéu vao su 6n dinh & mac do 16n. Do d6, su 6n dinh ctia SDEs da nhan dugc rat nhiéu
sy chd y trong nhimg ndm qua va nhiéu két qua lién quan da xuat hién trong nhiéu tai
liéu, vi du: xem (Li, 2002; Kushner, 1968; Mao, 1994) Dinh ly LaSalle duoc phat trién
trong (LaSalle, 1968), va phuong phap Lyapunov da dugc nhiéu tac gia ap dung dé xu
ly cac bai todn c6 yéu t6 ngdu nhién (vi du: xem (Zhu, 2018; Zhu, 2017). Cha y rang diéu
kién tang trudng tuyén tinh 1a bat budc trong (Li, 2002; Mao 1994; LaSalle, 1968; Zhu,
2017). Tuy nhién, diéu kién ting trudng tuyén tinh doéi khi qua manh dé c6 thé thoa
man trong thuc t&. Do do, that tha vi va day thach thie khi nghién ctu sy 6n dinh caa
cac hé ngau nhién khi chiing khong théa man diéu kién tang trudng tuyén tinh.

Trong diéu kién ting trudng phi tuyén tinh, ching t6i thiét lap su 6n dinh md hau
chéc chan cta bai toan (1).

Phan con lai ctia bai bao dugc t6 chic nhu sau: Trong Kién thitc chuan bi, ching
toi dua ra mot s ky hiéu va bo dé can thiét. Trong Két qué chinh, ching ta thao luan vé
tinh &n dinh mi hau chdc chén ctia nghiém.

Kién thitc chuin bi

Trong bai bao nay, trir khi c6 quy dinh khac, ching toi sé st dung cac ky hiéu sau.
Cho (Q,F,F,P) la mot khong gian xac suat day du voi mot bo loc {Fy}yso théa man
diéu kién thong thuong (nghia 1a n6 tang va lién tuc phai khi chia tat ca cac tap c6 do
do khong (theo @6 do P)). Ky hiéu |x(t)| la chuan Euclide ctia mot vecto trong R™.
Néu A la mot ma tran, chudn cta né duge ky hiéu la |A| = /trace(ATA). Ky hiéu
w(t) = (w1 (£), (L), ., 0y ()T (t = 0) 1a Mot chuyén dong Brownian m chiéu dugc
xéc dinh trén khong gian xac suat trén. a Vv b biéu thi gia tri 16n nhat gitta a va b,
trong khi aAb biéu thi gia tri nho nhat. C([—7,0]; R") 1a ho cac ham lién tuc tir
[-7,0] dén R",va B(R"™) biéu thi o-dais6 Borel trong R™.

Cho p = {p(t),t = 0} la mot 1a qua trinh diém Poisson F,-tuong thich nhan gia
tri trong R™. V6i 4 € B(R" — {0}), 6 day 0 € bao dong ctia 4, chung t6i xac dinh do
do Poisson N dugc lién két v6i p bang cach
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N((0,£] X A):= #{0 < s < t,(s) € A} = Z L)),
to<sst
v6i # biéu thi lyc luong cta tap hop {-}. Dé don gian, ta ky hiéu
N(t,A):= N((0,t] x A). Ta biét, ton tai moét o-dd do hitu han 7 sao cho

exp(—tm(A))(m(A)t)"
n! '

E[N(t,A)] = m(A)t, P(N(t,A) =n) =

Do do nay duoc goi 1a do do Lévy. Biéu thi bdi N(t,z) mot do do martingale
ngdu nhién Poisson F;-tuong thich N(t,A) théa man N(t,A) = N(t,A) + N(t,A),t >
0. O day N(t,A) biéu thi d6 do ngu nhién Poisson dugc b va N(t, 4) = n(A)t biéu
thi bo b

Trong bai béo nay, ching t6i gia dinh rang do6 do ngiu nhién Poisson N doc lap
voi chuyén dong Brown w. Déi v6i Z € B(R™ — {0}), hdy xem xét cac SDDE phi tuyén
tinh sau véi buéc nhay Poisson:

dx(t) = f(x(t), x(t —7(t)), t)dt + g(x(t), x(t — 7(t)), )dw(t) (2)

+ f h(x(t), x(t — T(t)), t, v)N(dt, dv),
Z

voi diéu kién ban dau

x(0) =xo =& € C([—-7,0]; R"),7(-):[0,+) = [0,7], [ R* X R" X R, - R"
gR"XR" xR, = R™”™ va h:R" x R* X R; X Z = R™ V6éi muc dich nghién ctu tinh
6n dinh, chiing téi gid dinh rang £(0,0,t) = 0,9(0,0,¢) = 0.

Pinh nghia 1. Nghié¢m tim thuong ciia (2) dugc goi la on dinh hau chic chin néu

limx(t) =0 hau chac chan

t—co
voi moi x, € R"

Dé nghién ctru su ton tai va tinh duy nhét ctia nghiém cho hé théng (2), dau tién
chiing ta 4p dat mot s6 diéu kién can thiét cho hai ham f va g.

Gia thiét 2. (Piéu kién Lipschitz cuc bd) Véi moi s6 nguyén k = 1, ton tai C,, > 0 sao
cho
|f (x1, ¥1,8) — F(x2, Y2, t)|?
V0g(x1, y1,t) — g(xz, y2, )12
< Ce(Ix1 = %212 + y1 — 219,

[ Ay, Y1, 9) — hz, Yz, £, 9) [2(dv)
VA

< Ce(lxy — 2217 + ly1 — 212,
véimoi (x;,y;,t) € R X R® x Ry, |x;| v |y;| < k ( = 1,2).
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RS rang, tir Gia thiét 1 suy ra ton tai nghiém cuc dai cuc bo duy nhat trén [—7,7,]
ctia hé (2), trong d6 7, la thoi gian buing nd. Dé thuan tién cho nguoi doc, ching t6i
phat biéu két qua nay duéi dang bé dé sau.

Bo dé 3. Gid sir gid thiét 2 diing. Khi d6, vdi bat ky gid tri ban dau nao &, hé (2) cé
nghiém cuee dai cuc bo duy nhdt trén —1 < t < 7.

Dé ddm béo sy ton tai va duy nhat nghiém ciing nhu tinh 6n dinh cho hé (2), W.
Zhou (Mao, 2016) da sir dung diéu kién Lipschitz cuc bd va diéu kién tang trudng tuyén
tinh. Tuy nhién, diéu kién tdng truong tuyén tinh rat han ché va nhiéu mo hinh thyc t€
khong thda man diéu kién d6. Trong bai béo nay, chiing t6i sé gioi thiéu mot diéu kién
phi tuyén téng quéit moi thay thé cho diéu kién ting tuyén tinh, déng thoi véi diéu kién
d6 ching ta cling c6 thé chimg minh sy ton tai va duy nhét nghiém cting nhu tinh 6n
dinh cho hé (2). Bay gio, ching t6i gi6i thiéu diéu kién ting trudng phi tuyén tong quét
nhu sau.

Gia thiét 4. Vi moi x,y € R™, t > 0, ton tai bon hing s6'khong dm a,, @y as va a,
sao cho

1
Xf00y,6) + 519y, O1F < arlx|* = as|x|™** + as|x["* + ay |y ",

dday 1, >0 va r, >0 lacac hing sé.

Gia thiét 5. Véi moi x,y € R™ va t > 0, ton tai ba hang s6'khong am by, by, by va mot
ham h(v), sao cho

|x + h(x,y,t,v)|* < () (by|x]? + by |x|™*? + bs|y|"3*), 4)
¢ day 73 >0 lamot hing s6 vaham h(v) théaman Cj = [, h(v)n(dv) < oo,
Gia thiét 6. t(-) vi phan lién tuc va ton tgi hang s6 u sao cho
') <u<l.
Gia thiét 7. Vdi moi x,y € R™,t = 0, ton tai bon hang s6 khong dm a,, @, a; vi a4,
sao cho

1
Xf(xy, ) + 51900y, O1F S —ay|x]* = ag|x | + as x| + ag |y

Ky hiéu C*'(R" X R;;R,) ho cta tat cd cac ham lién tuc khong am V(x,t), lién
tuc kha vi hai 1an theo bién x va moét 14n theo bién t dugc xac dinh trén R® X R, .
Cho V € C*'(R" x R;; R,), ching t6i dinh nghia mot toan tir LV:R" x R" X R, - R
bdi

I’V(xryr t) — Vt(x: t) + v;c(x: t)f(x:y: t)

1
+Etr[gT(x» Y t)Vxx(xa t)g(x* Y t)]
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+f [V(x + h(x,y,t,v),t) = V(x,t)|r(dv)

()

vieet = 2 vy = (

vV (x,t) ~ av(x, t)),Vxx(x, e (62V(x, t)) |

dx; ' ox, 0x;0x;

B6 dé 8. (Djnh Iy hoi ty nira martingale (Zhu, 2014)). Goi A(t) va U(t) la hai qud
trinh ting twong thich lién tuc trén t >0 véi A(0) = U(0) hau chic chin. Goi M(t) la mot
martingale cuc bg lién tuc c6 gid tri thuc véi M(0) = 0 hdu chic chin va dat & la mpt bién
ngau nhién Fy-do digc khong dm sao cho EE < oo,

Dinh nghia X(t) = & + A(t) = U(t) + M(t) cho t > 0. Néu X(t) khong am thi

{limA(£) < o0}

t—co

{tllng(t) < 00} N {tli_)lgU(t) < 00} héu chac chan,

v6i C € D hau chdc chdn, nghia 1la P(C N D¢) = 0, Pgc biét, néu lim,_,A(t) < oo
hau chic chin, thi voi x4c suat mot,

lim;, X (t) < 0,lim;_,,U(t) < 00, —0 < M(t) < +0o,

Két qua chinh

Trong phan nay, ching ta sé thdo luan vé tinh 6n dinh mi hdu chéc chin cda
nghiém.

Pinh 1y 1. Gid sit cdc diéu kién 2, 5, 6 va 7 dugc théa man. Hon nita, néu cdc diéu kién
sau thoa man:

n 27‘2\/7‘3, 2(11 +7T(Z) _b1CE >0
va
e’ 1 1
a, > mddl +as; + E(bz + mbs) Cy.
(6)

Khi d6, doi voi moi dit kién ban dau ¢ € C([—7,0]; R"), ton tai mot nghiém toan

cuc duy nhat x(t) cho (2) trén t € [—1,0), én dinh mii hdu chic chin, tic 1a

1 £ . .
tlimsup—t-ln|x(t)| < -3 hau chac chan
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Chiing minh. Vi cic hAm f va g thdéa man diéu kién Lipschitz cuc bo, theo B6
dé 3 ta thdy rdng véi moi gia tri ban dau x(0) = xo = £ € R®, tén tai duy nhat mot
nghiém cuc bd trén —7 < t <1,, trong d6 7, 1a thoi gian buing nd. Dé chimg minh
nghiém nay la nghiém toan cuc, ta can chi ra réng 7, = 00 hau chic chdn. Cho k, >0
du lonsao cho kg > [|xg|. V6i mbi s6 nguyén k = kg, ta dinh nghia thoi diém dimg

7, = inf{t € [0,7,): |x()| = k}, k €N.

Néu ta ¢ thé chtmg minh dugc 7, = % hau chic chin, thi 7, = © hiu chic
chdn, diéu nay nghia la x(t) la nghiém toan cuc duy nhat. Vi vay, ta chi can ching
minh rdng P(t;, <t) - 0 (k > oo,t >0). Ta dinh nghia V(x(t),t) = |x(t)|?, suy ra
EV(x(t A1), t AT) = Pty < )V (x(11), 74)- Piéu nay nghia 13, ta cAn chimg minh rdng
EV(x(t Atp), t Aty) < +00 khi V(x(ty), 1) = |x(7))|* = k% - oo(k —» ). Str dung cong
thire I1td ta ¢6

tAT
EV(x(t A1), t A1) = V(x(0),0) + Ef LV (x(s),v(s),s)ds
0

)
Nho cac gia thiét 2 va 4, ta c6
LV (x(@1), y(6),8) < 2[aq|x(D)]? = az|x(O)"*? + azlx(t) [++?

+aqly ()2 +?] +f [Ix + h(x,y,t, )12 — |x(O)|*In(dv).
Z

Do do

LV (x(®),y(®),t) £ (2ay + b;Cr — m(Z)|x()]? + 2a,(Jly@)|2*? — |x(¥)|2*?)
+bsCr(ly(O)[**% — |x(@)["72) — 2az|x ()| *?
+(2as + 2a,)|x(£)["2*? + (by + bg)C5‘p|x(t)|”3+2.

Str dung cédc wéc luong tich phéan ta suy ra

&
EVix(tAT), tAT) < E Nl &ENI7+ Hot + (2a, + b,Cy n(z))Ef |x(t Aty)|?ds
0

_|_

0
T'2+2
— asE f_r |[x(s)| ds

1 0
hg— ubSCEE J._r |x(s)|™2ds
Ap dung bat ding thic Grownwall, ta dugc
EV(x(t ATy), t ATy) < Hpe("2a14biCrm-m(D)t

o day

H, = Hot + E I| € 117+ asTE || € 242+ bsCHTE I € II's%2,

1—u 1—u
Cho k — oo, ta dugc

Elx(®)|* < Hte(_z“ﬁblcﬁ—n(Z))t_
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Vi t >0 tuy y, diéu nay ching té v6i moi diéu kién dau & € C([—7,0]; R"), ton
tai nghiém toan cuc duy nhat x(t) trén t € [—1, ).
binh nghia V(x,t) = |x(t)|?. Khi d6, theo cong thuc Ito, ta c6

t

etV (x(t),t) = V(£(0),0) + J- e® LV (x(s),y(s),t) + eV (x(s),s)]ds + M(t),

8
¢ day
LV (x(®),y(t),t) < —2a4|x(t)|* = 2a,|x()|"1*% + 2a3|x(t) |22 + 2a,|y(£)|"2+?
+by Cx|x(®)|* + by Crlx(©)|"*? + baCxly()|**? — n(2) |x ()|,
va

t

M(t) = f e® V. (x(s),s)g(x(s),v(s),s)dw(s) + ffJ' e[V (x(s)
+ h(X(S)o,y(S).s. v))]N(ds, dv) 0z
la mot martingale cuc bo lién tuc c6 gia tri thuc voi M(0) = 0. Taco
ly(©)|72*2 = e |x ()22 + (Jy(£)|2%2 — e |x(t)|2+2),
(10)

b2 Crlx(D)* 2 + b3Crly(6)|™*2
= (b;Cf + b3Cre®)|x(£)|**? + b3 Cr(|y(8)|™*2 — e |x () |"=*2).

(11)

Vi vay, tir (9)-(11) suy ra
LV (x(0),y(t),t) + eV (x(t),t) < (e — 2ay — (Z) + by Cp)|x()|? — 2a,|x()|"+*2
+(2as + 2a,e)|x(t)|2*? + (b,Cy + b3Cre™)|x(t)|s+2
+2a,(|y(©]7*? — e |x(O)[2*2) + b3Cr(ly (O — e x(D)]7+?).
(12)

Thé (12) vao (8) thu duogc

i
efV (x(t),t) < V((0),0) + (¢ —2a; — n(2) + bng)f e |x(s)|?ds
0
t
+2a, [ ey - e |x () )ds
0
t

+hsCr f &= (|y(s)["+*2 — e*F|x(s)|"*2)ds
0

t t
—2a, f e |x(s)|"*?ds + (2a; + 2a4e‘“)f e®S|x(s)|"2*2ds
0 0
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t
+(b,Cy + b3CEe£T)f eS|x(s)|**3ds + M(t).
0

(13)

Bing céch st dung Gia thiét 0.6 va tinh chat tich phan, ching ta thu dugc bat déng
tich phan sau.

¢ e (0
[ e (ly(s)|2*?)ds < f e |x(s) |2 ds.
0 1-u -7

(14)

Sau d6 chang ta c6 thé dé dang c6
+

_ eET eES x(s T2+2d5..
il IO

(15)

Tuong tu, ta co

t u t
j ESS([y(S)|r3+2 _ eerlx(s)lr3+2)ds < T uesrj esslx(s)|r3+2ds
0 - 0

-+
1_

0
1 uegr f_—r BES[)C(S)[r3+2d5.
(16)
Thé (14)-(16) vao (13) suy ra
etV (x(t),t) < V(£(0),0) + (¢ — 2a; —n(Z2) + blC'H)f e®|x(s)|*ds
0

2

+1—u

0 ) 1 0
a4f eS| x(s)|212ds + G p— bs Cﬁf et x(s) |3 2ds
=T =T

ET

t t
s f = x(s)I"*2ds + (2a3 + 1 —2a,) f e55|x(s) |7 *2ds
0 0

—-u

ET T
+ (b2 + b3 Cr f, e|x(s)|"**2ds + M(2).

2 9 1 0
= 17 0),0) + £(s+71) 2+2d¢ 4 ———p C_f £(5+71) r3+24
(£(©,0) 1+u“4Le [X(I"*2ds + 3= bsCr | eCHIIx(s)]*2ds

—Jo(x(2),t) + M(2), (17)

6 do

Jo(x(t),t) = (2a, + n(Z) — b;Cf — €) fte“lx(tﬂzds +2a, fte'fslx(S)Iz”ldS

ET t t
— (205 + — 2a4)f e55|x(s)|2*2ds — Cr(bs + b3e”)f e |x(£)|>*73ds.
o 0 0

(18)
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Str dung (6), chung ta c6 thé chon & >0 da nho sao cho 2a, + n(Z) — byCr — € >
0 va co thé dé dang nhan duoc:

etV (x(t),t) < V(£(0),0) +

]
a e€GtD ()22 ds
o | e TIxGe)

1
1—u

0
7 bsCr f e€G+D | x(s) | 2ds + M(D).

(19)
Ap dung dinh ly hoi tu ntra martingale khong am, ta c6
limsupe®V (x(t),t) < o, hau chic chan.

t—oo
Do do, ton tai mot bién ngau nhién duong hitu han H, sao cho

sup etV (x(t),t) < H,, hau chac chan.
0=st<co

suy ra
1 E Y & &
limsup;lnlx(t)l < —3 hau chac chan.
t—oo

Diéu nay hoan thanh chtmg minh vé tinh én dinh mii hdu chic chén ctia nghiém.
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